Abstract. A perfect-fluid space-time of dimension n ≥ 4 with 1) irrotational velocity vector field, 2) null divergence of the Weyl tensor, is a generalised Robertson-Walker space-time with Einstein fiber. Condition 1) is verified whenever pressure and energy density are related by an equation of state. The contraction of the Weyl tensor with the velocity vector field is zero. Conversely, a generalized Robertson-Walker space-time with null divergence of the Weyl tensor is a perfect-fluid space-time.
Introduction
Standard cosmology is modelled on Robertson-Walker metrics for the high symmetry imposed on space-time by the cosmological principle (spatial homogeneity and isotropy). A wide generalization are the "generalized Robertson-Walker spacetimes", introduced in 1995 by Alías, Romero and Sánchez [1, 2] : Definition 1.1. An n-dimensional Lorentzian manifold is a generalized RobertsonWalker space-time (GRW) if locally the metric may take the form:
concircular if ω k is a gradient (or locally a gradient); in this case v can be rescaled to a vector X with the property (2) [26] . Mantica et al. [23] proved two sufficient conditions for a Lorentzian manifold of dimension n ≥ 4 to be a GRW space-time: the first one is the existence of a concircular vector such that u i u i = −1. The other sufficient condition restricts the Weyl and Ricci tensors: ∇ m C jkl m = 0 and R ij = Bu i u j where B is a scalar field and u is a time-like vector field.
Lorentzian manifolds with a Ricci tensor of the form
where A and B are scalar fields and u i u i = −1, are often named perfect fluid spacetimes. It is well known that any Robertson-Walker space-time is a perfect fluid space-time [27] , and for n = 4 a GRW space-time is a perfect fluid if and only if it is a Robertson-Walker space-time. The form (3) of the Ricci tensor is implied by Einstein's equation if the energymatter content of space-time is a perfect fluid with velocity vector field u. The scalars A and B are linearly related to the pressure p and the energy density µ measured in the locally comoving inertial frame. They are not independent because of the Bianchi identity
Geometers identify the special form (3) of the Ricci tensor as the defining property of quasi-Einstein manifolds (with any metric signature). The Riemannian ones were introduced by Defever and Deszcz in 1991 [13] (see also [15] and Chaki et al. [7] ). In [16] Deszcz proved that a quasi-Einstein Riemannian manifold with null Weyl tensor and few other conditions, is a warped product (+1) × q 2 M * , where M * is a (n − 1)-dimensional Riemannian manifold of constant curvature. Pseudo-Riemannian quasi-Einstein spaces arose in the study of exact solutions of Einstein's equations. Robertson-Walker space-times are quasi-Einstein (see [4] , [34] and references therein).
Shepley and Taub studied a perfect-fluid space-time in dimension n = 4, with equation of state p = p(µ) and the additional condition that the Weyl tensor has null divergence, ∇ m C jkl m = 0. They proved the following: the space-time is conformally flat C jklm = 0, the metric is Robertson-Walker, the flow is irrotational, shear-free and geodesic [33] . A related result was obtained by Sharma [32] (corollary p.3584): if a perfect-fluid space-time in n = 4 with ∇ m C jkl m = 0 admits a proper conformal Killing vector, i.e. ∇ i X j + ∇ j X i = 2ρg ij , then it is conformally flat (C ijkl = 0). In the framework of Yang's gravitational theory, Guilfoyle and Nolan proved that a n = 4 perfect fluid space-time with p + µ = 0 is a Yang pure space (i.e. ∇ m C jkl m = 0 and ∇ k R = 0) if and only if it is a Robertson-Walker space-time [20] . Coley proved that any perfect fluid solution of Einstein's equations satisfying a barotropic equation of state p = p(µ) and p + µ = 0, which admits a proper conformal Killing vector parallel to the fluid 4-velocity, is locally a FriedmannRobertson-Walker model [10] . De et al. [12] showed that n = 4 conformally flat almost pseudo Ricci-symmetric space-times, i.e.
Riemannian spaces equipped with a torse-forming vector field were studied by Yano as early as 1944 [37] ; his results were extended to pseudo-Riemannian spaces by Sinyukov [35] . They showed that the existence of such a vector implies the following local shape of the metric:
is the metric of the submanifold parametrized by x 2 , . . . , x n . If the vector field is concircular (then it is rescalable to ∇ k X j = ρg kj ) then F is a function of x 1 only. De and Ghosh [11] showed that if R ij = Ag ij + Bu i u j with u i closed and C ijkl = 0, then u is a concircular vector. The results were extended by Mantica et al. to pseudo Z-symmetric spaces [24] and to weakly Z-symmetric spaces [25] .
In this paper the theorem by Shepley and Taub is generalised to perfect-fluid space-times of dimension n ≥ 4. The converse is also proven: a GRW spacetime with ∇ m C jkl m = 0 is a perfect-fluid space-time. In the conclusion, some consequences for physics are presented.
The theorem
Theorem 2.1. Let M be perfect fluid-space-time, i.e. a Lorentzian manifold (of dimension n > 3) with Ricci tensor R kl = Ag kl + Bu k u l , where A and B are scalar fields, u is a time-like unit vector field u
u is a concircular vector and it is rescalable to a time-like conformal Killing vector X such that
With the explicit form of the Ricci tensor, it becomes
being γ = (n − 2)A + B. By transvecting with u j u l and using u l ∇ k u l = 0 we obtain
Contraction of the identity (4) with u j gives −B∇ m u m = 1 2 u m ∇ m γ, which rewrites identity (4) as:
Equations (7) and (8) imply:
Contraction of (6) with u l gives:
By use of eq. (10) it simplifies to:
(11) simplifies and shows that u is a torse-forming vector:
Let us show that u is a concircular vector, i.e. that ω k is closed: (10) . Eq. (9) gives the relation
Being closed, ω k is locally the gradient of a scalar function:
g kl and consequently
∇ k X l = ρ g kl (13) being ρ = e −σ f and X j X j = −e −2σ < 0 (time-like vector). The symmetrized equation ∇ k X j + ∇ j X k = 2ρg kj shows that X j is a conformal Killing vector [34] .
According to Chen's theorem, (13) is a sufficient condition for the space-time to be a GRW. In appropriate coordinates M = (−1) × q 2 M * . The additional condition ∇ m C jkl m = 0 assures that the (n − 1)-dimensional Riemannian space M * is an Einstein space, by Gȩbarowski's lemma [18] . Another derivative and the Ricci identity give:
However, for the perfect fluid (3), R jm X m = (A − B)X j , then:
(this is an explicit expression for a relation obtained by Chen). Therefore, if A = B the conformal killing vector X is proper; if A = B it is homothetic. Moreover:
The Weyl tensor is:
(n − 1)(n − 2) The previous equations and little algebra imply that C jklm X m = 0, so that C jkl m u m = 0. It follows that the Weyl tensor is purely electric [21] . In n = 4 the condition is equivalent to u i C jklm + u j C kilm + u k C ijlm = 0 (see Lovelock and Rund [22] page 128). Multiplication by u i gives C ijkl = 0.
Remark 2.2. Eq. (9) gives u j ∇ k γ = u k ∇ j γ. In the antisymmetric part of eq. (11),
, the last terms are replaced with the help of (10) to give:
Remark 2.3. The case A = 0, i.e. R ij = Bu i u j , was studied in [23] . Since γ = −B, the property u j ∇ k γ = u k ∇ j γ and (16) imply that u is closed. If A = 0 the condition that u is closed is necessary for proving the theorem. However, if a one-to-one differentiable relation A(x) = F (B(x)) exists, one proves that u is closed.
Remark 2.4. In [5, 6, 17 ] a notion of quasi-Einstein manifold different from (3) was introduced. It emerges from generalizations of Ricci solitons. More generally, they defined a generalized quasi -Einstein manifold by the condition
where θ, η, λ are smooth functions. If λ = const and η = 0 it is named gradient Ricci soliton, if λ =const. and η =const. it is named quasi-Einstein. In the present case, the condition that u is closed means that locally u k = ∇ k θ, for some function θ. Then (3) takes the form R ij = Ag ij + B(∇ i θ)(∇ j θ). At the same time, eq.(12) can be written
The sum of the equations yields a Ricci tensor of the form (17) with λ = A + f and η = B + f , i.e. the manifold is generalized quasi-Einstein in the sense of [5, 6, 17] . A gradient Ricci soliton is recovered if A + f =const. and B + f = 0. In [5] it was proven that locally conformally flat Lorentzian quasi-Einstein manifolds are globally conformally equivalent to a space form, or locally isometric to a warped product of Robertson-Walker type, or a pp-wave. Catino [6] proved that a complete (i.e. A + f is a smooth function) generalized quasi-Einstein Riemannian manifold with harmonic Weyl tensor and zero radial curvature, is locally a warped product with (n − 1) dimensional Einstein fibers.
An inverse statement of the theorem is proven: Proof. A GRW is characterized by the metric (1). The explicit form of the Ricci tensor R ij is reported for example in Arslan et al. [3] : R 1α = R α1 = 0,
Gȩbarowski proved that ∇ m C jkl m = 0 if and only if R * αβ = g * αβ R * n−1 , then:
Following the trick in [9] , in the local frame where (1) holds, define the vector u 1 = 1 and u α = 0 (u 1 = −1). It is u j u j = −1 in any frame. The components of the Ricci tensor gain the covariant expression R ij = Ag ij + Bu i u j , where:
The expression is such in all coordinate frames, and characterizes a quasi-Einstein Lorentzian manifold.
Some notes on physics
We transpose some of the results to physics (we use units c = 1). Consider a perfect fluid with energy momentum tensor T ij = pg ij + (p + µ)u i u j , where u j is the velocity vector field, p is the isotropic pressure field and µ is the energy density. By Einstein's equations R ij − 1 2 Rg ij = κT ij (κ = 8πG is the gravitational constant) the Ricci tensor is:
Comparison with the form (3) identifies
As is well known (see Wald [36] ) in General Relativity the equations of motion ∇ k T kj = 0 result from the Bianchi identity in Einstein's equations. For a perfect fluid, the projection along u and its complementary part are:
By taking into account the results of the previous section we prove: The special case A = B in (14) characterizes a homothetic conformal Killing field (∇ j X k = ρg jk with ∇ j ρ = 0). In terms of pressure and density this means p = 3 − n n − 1 µ which, in n = 4, is p = −µ/3.
